We consider a mathematical model of a high contrast two phase composite material with inclusions (fibres) close to touching in two space dimensions. The inclusions form a periodic array and have an optimal shape which is a curvilinear square with rounded-off angles ('nearly square' shape) described by a flattening parameter m. We derive an asymptotic formula for the effective conductivity A δ of the composite when the interparticle distance δ goes to zero. This formula captures the dependence of A δ on the parameter m. We provide a rigorous justification for this asymptotic formula by a variational duality approach.
Introduction
This work is devoted to the problem of determining the overall, or effective, properties of a two phase high contrast composite material such as the effective dielectric permittivity, electrical or thermal conductivity, magnetic permeability and shear modulus of fibreglass composites. A brief review of relevant engineering and physical problems can be found in (1) . Since all the above problems are mathematically identical henceforth we use the conductivity terminology.
We consider a mathematical model of a composite of a homogeneous medium (called matrix or host) in which a large number of small perfectly conducting, identical inclusions (particles or fibres) are periodically distributed. We focus on the case of inclusions of optimal shape, which is a curvilinear square with rounded-off angles. Hereafter we refer to these as nearly square inclusions (see Fig. 1 ). The optimality property for inclusion shape will be described below. Our goal is to obtain an asymptotic formula for the effective conductivity when the concentration of the inclusions in a host material is close to maximal, and investigate an explicit dependence on the shape of inclusions in two dimensions, that is, for a composite of unidirectional fibres in a matrix.
There are three main features of this problem: high contrast ratio of the constituents (that is, the properties of the matrix and the fibres are vastly different), high volume fraction of the inclusions (that is, an almost touching regime) and the optimal shape of the fibre cross-section (nearly square shape).
For circular fibres and spherical particles arranged in a periodic (square or cubic) array the formal asymptotic analysis of the effective conductivity in the almost touching regime was performed in (2) .
The key observation there is that the dominant contribution to the effective conductivity comes from thin gaps between closely spaced inclusions, so that the electric field outside these gaps does not contribute to the leading term of asymptotics of the effective conductivity as an interparticle distance goes to zero.
An analogous formula for irregular (random) arrays of infinitely conducting circular fibres in a matrix of finite conductivity was studied in (1) . Asymptotic formulae obtained there take into account variable distances between neighbouring fibres and percolation effects. Also, in (1), a variational duality approach was developed for justification of such asymptotic formulae. In particular, this method provides a justification of the asymptotic formula of (2) for square periodic arrays. This approach was further developed in (3) , where explicit error estimates were obtained.
Although circular fibres are quite common in the practical design of composite materials, such a shape is not optimal for electrical, dielectric and mechanical properties. In (4) it was shown that in two dimensions the so-called Vigdergauz microstructure (introduced and studied in (4, 6, 7)) minimizes the elastic energy at the given strain, among all composites made from the same components in the same volume fractions. Optimality of this microstructure for the conductivity problem was studied in (5) (note that the scalar conductivity problem can be considered as a particular case of the elasticity problem/antiplane strain problem). It was also observed in (4) that the minimizing microstructure is not unique. In particular, the layered structure also provides extremal values for the elastic and electric energies. We are concerned with particulate composites where particles of one material are embedded in the host medium of another material, since such particulate composites are used in various practical applications.
In (4), a shape of an optimal inclusion is given in terms of the elliptic integrals of the first kind. A simple analysis of these formulae shows that such inclusions under certain symmetry conditions on the geometry and load have the nearly square shape. We observe that these nearly square inclusions have a so-called mth-order property, namely if we consider the points of the shortest distance between two neighbouring inclusions then the osculating curves at these two points are no longer quadratic parabolas but parabolas of mth order (x m ), that is, the curvature of the boundary of the inclusion is zero at these points, referred to as planar points. Our main objective is to study the dependence of the effective conductivity on this flattening parameter m.
For this study it is sufficient to model inclusions with simpler curves which provide the same qualitative result (namely the dependence on the flattening parameter m) near planar points up to the constant multiplier. Besides the Vigdergauz inclusion, here we give two more descriptions of this shape which preserve the mth-order property.
As mentioned above, a thin neighbourhood of a segment joining two planar points (thin gap between neighbouring inclusions), which is hereafter referred to as a neck, determines the asymptotics of the effective conductivity in the close touching regime. We prove this assertion and show that the effective conductivity has an asymptotic representation by formula (2.14) below, where δ is the interparticle distance described below.
An asymptotic procedure of determining the effective conductivity consists of two parts: (i) finding an asymptotic solution of the problem in the thin gap (neck) between two closely spaced neighbouring inclusions, and (ii) evaluating the contribution to the effective conductivity from the remaining portion of the cell (outside the neck).
We remark here that problem (i), that is, the Dirichlet problem for the Laplace equation in a thin gap between two smooth surfaces of mth order, was also considered in (8) . The approach used there is different from ours. In (8) an elegant recurrence procedure for constructing an asymptotic solution of the partial differential equation (PDE) was suggested and justified. Then the Dirichlet integral was computed by integrating this solution.
Since our objective is to find the effective conductivity we do not need to employ the sophisticated analysis of (8) to construct the asymptotic formula for the solution of the PDE. Instead, in the neck we construct a simple function referred to as the quasi-minimizer in the neck, which is not an asymptotic solution of the boundary value problem in the thin gap but provides the correct asymptotics to the leading term of the Dirichlet integral in the neck. This allows us to bypass the construction of the solution of PDEs.
The proof that the effective conductivity has the asymptotic representation (2.14) requires the step (ii). This issue was not considered in (8) since the effective conductivity was not an objective there. Note that the step (ii) shows that the asymptotic formulae for thin gaps also describe the effective conductivity of the composite. In this step we employ the variational duality approach to justify the asymptotics (2.14). This approach was used by several authors (see, for example, (1, 9, 10)). However, there is no general recipe for constructing the trial functions. The construction of the trial functions essentially depends on the physical and geometrical features of the problem. In our case we extend the quasi-minimizer from the neck to the entire periodicity cell for construction of the upper bound. However, this quasi-minimizer cannot be used in the lower bound since its gradient is not divergence free. So we construct another divergence free quasi-minimizer for the dual problem in the neck and then obtain a trial field, which is the key point in the justification of the asymptotic formula.
The effective conductivity of the material of finite conductivity with ideally conducting inclusions is defined by the Dirichlet integral over the entire periodicity cell of the solution to the so-called cell problem (3.2) to (3.5). This problem was derived in (11, 12) by compensative compactness type techniques in the homogenization limit as the period of microstructure ε → 0. Here we give an alternative method to derive this cell problem based on a two-scale expansion in a small parameter ε suggested in (12 to 15) for finite contrast two phase composites. We generalize this technique for the high (infinite) contrast case. One can use this approach formally to derive a full asymptotic expansion in ε of the solution to the problem.
Note that since we are concerned with the close to touching regime, the cell problem obtained in the homogenization limit as ε → 0 still has another small parameter δ which describes the interparticle distance in the rescaled periodic structure of period 1 (the original structure has period ε). In this paper we treat ε and δ as two independent small parameters by considering first the asymptotic limit as ε → 0 followed by δ → 0.
The paper is organized as follows. In section 2 we present a mathematical formulation of the problem. We define the inclusion of optimal shape and introduce the interparticle distance. Then we state Theorem 2.1, which gives a formula for the leading term of the asymptotics of the effective conductivity as δ → 0, capturing the dependence on the flattening parameter m described above. In subsection 3.1 we rewrite the cell problem in a form which is convenient for asymptotic analysis in terms of δ. Subsection 3.2 is devoted to the proof of the main theorem stated in section 2. The proof is done by introducing both direct (subsection 3.2.2) and dual (subsection 3.2.1) variational problems and constructing of an appropriate extension of the quasi-minimizer in the neck, introduced there, to the whole periodicity cell. Finally, we present some technical calculations in the Appendices, where the cell problem and formula for the effective conductivity are formally derived. We introduce rescaled translated sets in R 2 :
where ε > 0, and write γ ε = ∞ |k|=1 ε( + k). Then γ ε represents a set of 'inclusions' in R 2 periodically distributed with period ε 1. Now we denote by D(ε) the set of the 'inclusions' of the form (2.1) that are contained in Q:
where N (ε) is the total number of inclusions in Q.
Then
is a perforated domain possessing a periodic structure with the period ε (Fig. 2) . For simplicity we assume that ∂ Q ∩ D(ε) = ∅. This domain Q ε models the matrix of the composite and the sets D l (l = 1, . . . , N (ε)) model the inclusions periodically distributed in this material. Assume that the conductivity of the matrix is 1. Thus for every fixed ε, δ > 0 the electrical potential v δ ε satisfies the following boundary-value problem:
where
The condition (2.3) means that the inclusions are ideally conducting (that is, ∇v δ ε = 0 on the inclusions). We will refer to (2.3) as a free constant boundary condition. The condition (2.4), referred below to as integral boundary condition, means that there is no flux through the boundary of the inclusion.
Recall that as ε → 0 the solution v δ ε of (2.2) to (2.5) converges to v δ 0 , where v δ 0 solves the following homogenized problem (11, 12):
where A δ i j is an effective conductivity matrix. Hereafter we sum over repeated indices according to the standard Einstein summation convention (i, j = 1, 2).
The homogenized problem analogous to (2.6) to (2.7) for finite contrast composites (matrix of conductivity σ 1 , inclusions of conductivity σ 2 , where 0 < σ 1 , σ 2 < ∞) was derived by several authors (12, 14, 15) . In the homogenization literature cited above the effective conductivity A δ i j is usually given in terms of the solution to the cell problem. Finding such a solution requires solving the corresponding PDE on the reference periodicity cell, which is typically done numerically. Only in some exceptional cases can explicit formulae for the homogenized matrix be obtained. A classical example of a closed form representation of the effective conductivity for a special geometry in two dimensions is given by the Keller-Dykhne geometric mean formula (16, 17) . For a periodic array of circular fibres close to touching, a formal asymptotic derivation of the leading term of the effective conductivity as δ → 0 was obtained in (2) . This leading term is equal to π √ R/δ, where R is the radius of a circular fibre and δ is the interparticle distance.
Due to the symmetry we have A δ i j = a δ δ i j , where a δ is a constant and δ i j is the Kronecker delta. So it is sufficient to solve only one cell problem. In this paper we consider a rescaled quantity A δ = 1 2 a δ . Our main objective is to derive asymptotic formulae for non-circular inclusions of nearly square shape which explicitly capture the dependence of A δ on the shape (18).
Shape of the inclusions
As mentioned above the Vigdergauz microstructure minimizes the electric energy. Under square symmetry conditions the inclusion shape in such a microstructure is given by the following procedure (4) . (Due to the symmetry it is enough to have the parametrization of one quarter of the boundary of the inclusion). For the square periodicity cell one can find the parameter h (0 < h < 1) depending on the given volume fraction f of the inclusions in the matrix as the solutions of the following equation:
be the incomplete and complete elliptic integrals of the first kind, respectively (see, for example, (19) ) and the parameter µ (
. Then the quarter of the boundary of the Vigdergauz inclusion which can be obtained from the formulae in (4) is given by the following parametrization:
and the parameter t varies from M to 1. For the purposes of this work it is sufficient to consider a simpler curve which describes the nearly square shape and captures precisely (up to a constant multiplier) the asymptotic dependence on the flattening parameter m. Other methods to describe this shape are as follows.
One can choose the following simple curve:
where R is a half-width of the inclusion, to get an alternative description of the inclusion boundary. Also one can use the conformal map
where R is the same as in (2.10). For an appropriate choice of the constants C k the formula (2.11) gives the the transformation of the circle of radius 9 8 R to a curve which is not a precise square but a square with curvilinear sides and rounded-off angles, which justifies the name 'nearly square' shape. For example, for m = 4 we have or, in parametric form,
The main feature of inclusion boundaries given by all the above descriptions is that each inclusion in square periodic array described above has four planar points (points A, B, C, D on Fig. 3 ). These four points are the endpoints of the segments of the shortest distance δ between neighbouring inclusions (Fig. 3) . As we will see below, the gradient of the potential v δ ε in small neighbourhoods ('necks') of these segments determines the asymptotic behaviour for the effective conductivity to the leading order as δ → 0. This qualitative statement will be given rigorous meaning in the proof of the Theorem 2.1 below. The neck is shown as the shadowed region in Fig. 3 (and also in Fig. 7) .
At these planar points the boundary of the inclusions can be approximated by the osculated parabolas of mth order. These parabolas are given by the formula y = cx m + 1 2 δ (Fig. 4) , where the positive constant c depends on the description of the inclusions and is defined below. For simplicity we consider the even values of m. For the odd m, the choice of c can easily be adjusted. If the boundary of the inclusion is given by (2.10) then
If the inclusion is given either by (2.8), (2.9) or (2.11) then the following procedure can be applied for determining the constant c. One can expand both x and y in terms of powers of t: x(t) = ∞ n=1 a n t n , y(t) = ∞ n=1 b n t n around t = 1 in case (2.8), (2.9) or around t = Note, that in case (2.8), (2.9), m is the power of the first non-zero term in the y expansion.
Main results
In Theorems 2.1, 2.2 below, we obtain an explicit dependence of A δ on the parameter m. 
If the only information available is that the flattening parameter m varies within known limits (the inclusion shape is given by (2.10) or (2.11)), then we are able to obtain the following bounds on A δ .
Note that, if in (2.14) we pass to the limit as m → ∞ then we obtain that A δ ∼ 1/δ, which agrees with the direct calculation of A δ for square perfectly conducting inclusions in a square cell.
In (3) it was shown that the ideally conducting spherical inclusions in a hexagonal periodic array provide the minimal effective conductivity A hex δ among the periodic arrays of spherical inclusions of the same volume fraction. Numerical implementation of (2.14) shows that inclusions of the nearly square shape in a square lattice of highly packed composites provides even smaller effective conductivity (in numerical simulations we used the volume fraction f of inclusions in the matrix in the interval 0·89 f < Thus, the nearly square shape provides a significant decrease in effective conductivity in the almost touching regime. Moreover, this shape has an additional advantage of achieving high volume fraction since the maximal volume fraction for circular inclusions in the hexagonal array (which is the most dense among all periodic arrays with circular inclusions) is 1 6 √ 3π .
Asymptotics of the effective conductivity

Translated cell problem
The effective conductivity of the composite material with perfectly conducting inclusions is given by the following formula (11): 
where ξ = (ξ 1 , ξ 2 ) ∈ R 2 is a rescaled variable and the Y -periodicity condition means that u j − ξ j and its normal derivatives agree on opposite faces of ∂Y . The constant C is unknown and should be found in the course of the solving this problem. We derive this cell problem formally and the formula (3.1) in Appendix A by using a method different from the one of (11). As was mentioned before, due to the symmetry we have to find the effective conductivity constant A δ by considering only one periodicity cell problem. In Appendix B it will be shown that this cell problem is equivalent to the following boundary-value problem:
The domain is shown on Fig. 6 ; G 1 and G 2 are the lower and upper boundaries of this domain, Fig. 6 The domain respectively, G − and G + are the lateral boundaries, so that
Hereafter we refer to (3.6) to (3.9) as the cell problem.
Thus, the effective conductivity A δ is defined by the Dirichlet integral
where u δ is the solution of the problem (3.6) to (3.9). There are two specific features of the cell problem (3.6) to (3.9). First, since we are concerned with dense composites, the small parameter δ (interparticle distance) enters this problem. Note that in the domain , δ is the distance between boundaries G 1 and G 2 . Secondly, the inclusions are of the optimal (nearly square) shape described by the flattening parameter m.
Proof of Theorem 2.1
The proof of the Theorem 2.1 consists of constructing lower and upper bounds for A δ . To construct them we consider the domain (Fig. 6) . We choose the coordinate system as shown in Fig. 7 . Define a thin neck between inclusions as a domain:
where S < R, S is half the neck width, and the parameters R, m and c were introduced above. Define the upper and lower boundaries of the neck , denoted by + and − respectively:
and the distance between − and + : where n is the unit normal to G ± . The equalities of this definition are understood in the distributional sense.
We use the following dual variational principle derived in Appendix C:
Thus, the solution u δ of (3.6) to (3.9) satisfies
Construction of the trial function for the dual problem. Choose
where ζ(x) is a smooth function of x to be determined later. Note that in the neck
Moreover, div v = 0 everywhere in the domain , hence v ∈ W . 
We now calculate the right-hand side of (3.17) in terms of ζ . We consider the neck as a union of − and + , where
as is shown in Fig. 8 . By the divergence theorem we have
where S in the first integral is the half-width of the neck ; hence
Similarly, we obtain that
ζ(x) dx and now we evaluate v 2 dx:
where H (x) is defined by (3.12). Thus,
Construction of ζ(x) in the test function v. We choose
, (3.18) therefore ζ(x) is the smooth function of x on [−S, S]. Therefore, we obtain
Now we evaluate the integral in the right-hand side of (3.19) (assuming m is even, that is, m = 2k): (1), (3.20) using the substitution
Using the following formula from (21):
we obtain that 
Upper bound on the effective conductivity.
The variational formulation of the problem (3.6) to (3.9):
minimizing the functional
Now we partition the domain as follows: (Fig. 9) , where
and the sets Construction of the trial function u ∈ V in . We choose the trial function u in of the form
, (x, y) ∈ ,
which is a function from V . We call the function w = y/H (x), defined in the neck , the quasi-minimizer in the neck mentioned in the Introduction, since its Dirichlet integral determines the asymptotics of the effective conductivity as it would be shown below.
The Dirichlet integral of the function u, defined by (3.27), over the domain for small δ will be 1 2
Note that the second integral on the right-hand side of (3.28) is bounded from above by a constant independent of δ:
Next we evaluate the Dirichlet integral of the quasi-minimizer over the neck :
The first integral of (3.29) will be
where the last equality of (3.30) is obtained by using the substitution (3.21). For m = 2k
Note that S * → ∞ as δ → 0. It is easy to see that the integral on the right-hand side of (3.30) is bounded for small δ, hence,
where constant C 2 does not depend on δ.
Using the asymptotics for
, from (3.28) we have the following estimate for small δ:
with constant C 1 independent of δ. Thus, the effective conductivity A δ can be bounded from above by
Hence, the estimations (3.23) and (3.32) prove Theorem 2.1.
Conclusions
The problem of determining the effective conductivity constant A of a two phase high-contrast periodic composite with densely packed inclusions of the optimal shape was considered. The asymptotic formula (2.14) for A was given and justified. This formula captures the dependence of A on the parameter m describing the shape of the inclusion. It was shown that the Dirichlet integral of so-called quasi-minimizer, w, in the neck, which is linear in y and inversely proportional to the interparticle distance H (x), determines the asymptotics of A. Hence, for the problem of determining the effective properties of a high-contrast composite with inclusions close to touching the introduction of such a simple function w allows to bypass the construction of the solution to the cell problem.
where v i are Y -periodic functions in ξ ∈ R 2 . Analogously to (12 to 15), we assume that the function v 0 does not depend on ξ, that is, v 0 = v 0 (x). Taking into account that
and (A.1) we obtain from (2.2) that
By equating to zero the powers of ε and taking into consideration the assumption about v 0 we obtain two equations for v 1 and v 2 :
when ξ ∈ Y \ . Now we seek the solution of (A.2) in the form
where N j is a Y -periodic function of ξ. Substitution of (A.4) into (A.2) yields
The free constant boundary condition (2.3) implies that
After substituting the expansion (A.1) into condition (A.6) we get
from which neglecting the lower-order terms we deduce that
or, equivalently,
where C is a constant. 
We note that ξ ∈ Y = (0, 1)×(0, 1), whereas x ∈ (0, ε)×(0, ε), that is, x changes much more slowly than ξ. Let x 0 be the centre of the D l (for some l = 1, . . . , N (ε)), then any x in the periodicity cell (0, ε) × (0, ε) can be represented as x = x 0 + εy, where y ∈ − 1 2 , 1 2 × − 1 2 , 1 2 ( Fig. 10) . Then Taylor's formula provides ∂v 0 (x)/∂ x j = ∂v 0 (x 0 )/∂ x j + O(ε). Applying this to (A.9) we obtain
Therefore, neglecting the smaller-order terms, we get
Thus combining (A.5), (A.8), (A.10) and the assumption on the periodicity of N j we obtain the following two cell problems ( j = 1, 2):
where C is an unknown constant. 
Finally, we formally derive a formula for the effective conductivity tensor which is defined as a matrix of the coefficients of a so-called homogenized equation for v 0 (equation (2.6)).
Let us rewrite the equation (A.3) in the form
For ξ ∈ we consider the equation (A.7). Equating to zero the coefficient of ε yields
Combining (A.3) with (A.15) and (A.16) we obtain the equation for v 2 in the reference periodicity cell Y :
Since v 2 is Y -periodic in ξ the integral over the period of its Laplacian is zero. Therefore
Denote 
Let us rewrite the right-hand side of the formula (A.17). We add to this formula a zero of the form
Thus, we obtain
From (A.18) it follows that the tensor A i j is symmetric. Moreover, for i = j:
. To show this, consider A i j in the form (A.17) when i = j:
Here we have used the periodicity of the function N j and the fact that the function N j + ξ j is a constant in . Also, from the symmetry we get that A 11 = A 22 =: a. Therefore, the effective conductivity tensor can be written as
where I is the identity tensor and a is the effective conductivity constant. We will use the rescaled quantity A = 1 2 a that we call the effective conductivity as well. Thus, in order to find A = 1 2 A j j we need to solve one of two cell problems (for j = 1 or j = 2). Let us pick the y-direction ( j = 2), and consider the problem for u 2 denoting u = u 2 : where C is an unknown constant.
APPENDIX B
Now we show that the problem (A.20) to (A.23) is equivalent to (3.6) to (3.9) in a sense of the equality of the Dirichlet integrals of their solutions. Consider the domain F = R 2 \ ∞ l=1 l (see Fig. 11 ). It is symmetric along the horizontal lines y = 1 2 k, k ∈ Z.
Because the function (u − y) is odd in y and F is symmetric along y = 0 then (u − y)| y=0 = 0. From this where C 0 is an unknown constant. Now we take two neighbouring periodic cells Y 1 and Y 2 as shown in Fig. 12 and consider two problems on them: Fig. 6 (G 1 , G 2 are the lower and upper boundaries of the domain respectively, G ± is the lateral boundary) and define the function u ∈ H 1 ( ) as follows:
The function u 2 − y is odd in y and y = 1 2 is the line of symmetry of Y 2 ; then (u 2 − y)| y= 1 2 = 0, hence, u 2 = 1 2 when y = 1 2 . This implies that u = 1 2 when y = 1 2 . Analogously, u = − 1 2 when y = − 1 2 . Therefore, we obtain that C 2 = 1 2 and C 1 = − 1 2 . Therefore, u satisfies the boundary-value problem (3.6) to (3.9) and this problem is equivalent to (3.2) to (3.5) in the sense of the equality of the Dirichlet integrals of their solutions.
Then from all mentioned above it follows that the effective conductivity constant A is defined by the 
